Abstract. This note establishes several integral identities relating certain metric properties of level hypersurfaces of Morse functions.
Introduction
Let f be a C 2 Morse function on an open connected subset Ω of R n+1 where n ≥ 2. Suppose that a and b are values of f such that f −1 ([a, b] ) is compact. For t ∈ [a, b], let ν(t) be the (n-dimensional) volume of the level-t set f −1 (t). Note that, since f is a Morse function, ν(t) is well-defined even if t is a critical value and that ν : [a, b] → R is continuous. At each regular point (i.e., noncritical point) on f −1 (t), let N = − ∇f / |∇f |. This choice of unit normal induces a Gauss map G on the set of regular points on f −1 (t), with G(p) = N(p) ∈ S n . The mean curvature H and the Gaussian curvature K are defined on the set of regular points on f −1 (t) by the standard definitions
We henceforth view H and K as functions on the set of regular points of
e., H(p) and K(p) are the mean curvature and Gaussian curvature of f −1 (f (p)) at p. We now state our main results, in which dµ is the Lebesgue measure on R n+1 and ∂ i denotes the i-th partial derivative.
Theorem Assume the preceding assumptions and notation.
(Implicit in these results is the assertion that the functions H and K∂ i f are integrable on f −1 ([a, b] ). This is a consequence of f being a Morse function, as we shall demonstrate.)
Two Preparatory Results
In many results, we assume the following hypothesis.
Lemma 1 Assume Hypothesis †. Suppose that g is a function that is continuous on the set of regular points in
where dσ is the (n-dimensional) volume form on f −1 (t) and f −1 (t) (g/ |∇f |) dσ is only defined for t a regular value. 
is then a diffeomorphism, providing the transformation of variables that results in the claimed formula. (In detail, take a coordinate patch U on
has Lebesgue measure zero (as a subset of R n+1 ),
Applying Case 1 to f −1 ([c j + ǫ, c j+1 − δ]) and letting ǫ, δ → 0 + , we have
Summing these integrals over j proves the assertion.
Recall from §1 the mean curvature H and Gaussian curvature K, both regarded as functions on the set of regular points of f . Explicit formulae are known for H and K. To state them, let Q be the Hessian quadratic form associated with f and define the quadratic form Q * to be the one whose standard matrix is the adjugate (or "classical adjoint") of the standard matrix for Q; we shall regard the two quadratic forms Q and Q * as real-valued functions of one vector variable. Then,
These are implicit in [3, p. 204] and made explicit in [2] . (In both of these references, f −1 (t) is oriented by ∇f / |∇f |, the opposite of our choice of N.)
Lemma 2 For a C 2 Morse function f on an open set Ω ⊂ R n+1 , the functions H, K∂ i f , and K |∇f | are all integrable on any compact subset of Ω.
1 The "outer" integral b a · · · dt on the right may first be interpreted as an improper Riemann integral. Once the formula is proven, applying it to |g| shows that the one-variable function ϕ(t) : Proof. It suffices to show that they are integrable "near" each critical point p, i.e., on a closed ball D centered at p in which p is the only critical point. Without loss of generality, assume that p is the origin 0 ∈ R n+1 . We notate a typical point in R n+1 by writing its position vector r and we let r = r . Then, for r near 0,
where P (r) is the quadratic polynomial 1 2 Q(r). For each i ∈ {1, · · · , n + 1},
where ǫ i → 0 as r → 0, and for r ∈ D ′ := D {0},
where α i is a function on S n . Hence, on D ′ ,
As f is a Morse function, 0 is the only critical point of P and thus i α i (r) 2 > 0 for r ∈ S n . Letting
we have, for sufficiently small r, Therefore, for r ≤ δ,
n |∇f (r)| It is a standard fact that, for any c > 0, 1/r n+1−c is integrable on any origincentered ball in R n+1 . Hence, H, K∂ i f , and K |∇f | are all integrable on D.
Main Results
We establish the main results of the article. 
